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Analysis of Diversity-Multiplexing Tradeoff in a
Cooperative Network Coding System
Li-Chun Wang, Wei-Cheng Liu, and Sau-Hsuan Wu

Abstract—This paper addresses the analysis of diversitymultiplexing tradeoff (DMT) for a decode-and-forward (DF)based cooperative network coding (CNC) system. The exact
outage probability is also provided. Our results show that
network coding can assist the relay node to improve multiplexing
and diversity gain.
Index Terms—Cooperative communications, decode-andforward, diversity-multiplexing tradeoff, network coding, outage
probability.

I. I NTRODUCTION

C

OOPERATIVE communication has been attracting a
great deal of attention recently. Relay nodes in a cooperative communication system can assist the transmitter in
sending information to the receiver. This process is similar
to a virtual multiple-input multiple-output (MIMO) system
because the nodes in a cooperative network form a virtual
antenna array. Clearly, cooperative communication systems
can provide diversity gain, referred to as cooperative diversity
similar to the space diversity provided by MIMO antenna
techniques. Many cooperative communication protocols have
been proposed to improve diversity gain, and these fall into
three main categories. The first category is based on amplifyand-forward (AF) [1], such as incremental AF (IAF) [1] and
nonorthogonal AF (NAF) [2]. The second category is based
on space-time coding (STC), such as in [3]–[5]. The third
category is based on decode-and-forward (DF) systems, such
as selection DF (SDF) [1], dynamic DF (DDF) [2], enhanced
static DF (ESDF), and enhanced dynamic DF (EDDF) [6].
Cooperative communications can also enable ad hoc networks
to extend their coverage and improve capacity [7]. In a
multi-user environment, users can share resources via the
cooperative communication system.
As previously mentioned, a cooperative communication system can be viewed as a virtual MIMO system. Hence, cooperative communication systems offer the diversity-multiplexing
tradeoff (DMT) feature of MIMO systems [8]. The DMTs
of a number of well-known cooperative protocols have been
identified in the literature, including AF, SDF, DF, IAF [1],
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DDF, NAF [2], STC1–3 [3]–[5], ESDF, and EDDF [6]. The
IAF protocol provides the optimal DMT performance among
the aforementioned protocols. In addition to improvements in
diversity gain, the means by which multiplexing gain can be
provided by taking advantage of relays, has also received a
great deal of attention.
Combining network coding with cooperative communication, referred to as cooperative network coding (CNC) or time
division broadcast (TDBC) protocol [7], has the potential to
exploit multiplexing gain from relay nodes. Moreover, CNC
has the advantage of not requiring any changes to the physical
layer, as well as high bandwidth efficiency [7]. Previous
studies related to CNC are listed in [7], [9]–[19].
Outage probability and DMT are two common means by
which the performance of cooperative protocols is measured.
The DMT analysis of CNC has not previously appeared in the
literature. Through the analysis of DMT, it can be observed
that exploiting the “XOR in the air” approach to cooperative
protocols could improve multiplexing gain, diversity gain, or
both compared with traditional cooperative protocols. Moreover, DMT is able to provide greater insight than simply using
capacity results. Capacity is only a quantity representing the
upper bound of the error-free transmission rate in the lossy
channel, while DMT is a tradeoff curve that can provide a
tradeoff between various transmission rates and error rates in
the erroneous channel. This was our motivation in deriving
outage probability and DMT of the CNC.
In this paper, we derived the exact outage probability and
DMT of the CNC protocol. DMT is the limit of the slope of
outage probability versus the signal-to-noise ratio (SNR) curve
in the dB domain as SNR approaches infinity. The difficulty in
analyzing DMT is the need to express the limit as a function
between diversity gain and multiplexing gain, rather than as
a single value. The uniqueness of our method in determining
DMT is the fact that we divide the problem of expressing
the limit into several simpler sub-problems that can be solved
individually. As seen in Theorem 2, the proof is succinct and
easy to follow.
The remainder of this paper is organized as follows. In Section II, we describe the system model and introduce the CNC
protocol. We provided definitions of important terminology
and analyze the outage probability and DMT of the CNC
protocol in Section III. Numerical results are shown in Section
IV, and conclusions are presented in Section V.
II. S YSTEM M ODEL AND CNC P ROTOCOL
A. System Model
Figure 1 shows the system model for the CNC with a
single relay node. Nodes 𝐴 and 𝐵 transmit and receive user
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where 𝑃out (SNR) is the outage probability of the overall
system.
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Fig. 1. System model and the CNC protocol, where phase (1): 𝐴 sends 𝑎 to
𝐵 and 𝐶; phase (2): 𝐵 sends 𝑏 to 𝐴 and 𝐶; phase (3): 𝐶 broadcasts 𝑎 ⊕ 𝑏
to 𝐴 and 𝐵.

data, and relay 𝐶 forwards data. We denote the channel gains
between nodes 𝑋 and 𝑌 as ℎ𝑋𝑌 , where 𝑋, 𝑌 ∈ {𝐴, 𝐵, 𝐶}.
In addition to additive white Gaussian noise (AWGN), the
radio channel effect ℎ𝑋𝑌 experienced at each node is assumed
to be independent and identically distributed (i.i.d.) complex
normal random variables with zero mean and unity variance.
We consider the half-duplex nodes which are unable transmit
or receive data simultaneously. In the considered scenario,
nodes 𝐴 and 𝐵 can directly communicate with each other.
B. CNC Protocol
In Fig. 1 the CNC protocol is illustrated for the case using
a single relay node. In phases (1) and (2), 𝐴 and 𝐵 transmit
information 𝑎 and 𝑏, respectively. Then 𝐶 decodes 𝑎 and 𝑏 in
the binary form and computes 𝑐 = 𝑎⊕𝑏, where ⊕ is the bitwise
exclusive or (XOR) operator. In phase (3), node 𝐶 broadcasts
the mixed information 𝑐 to 𝐴 and 𝐵. In this manner, 𝐴 is able
to obtain information 𝑏 via the operation 𝑐 ⊕ 𝑎 = 𝑏 and node
𝐵 is able to obtain information 𝑎 via the operation 𝑐 ⊕ 𝑏 = 𝑎.
In this case, the relay node plays the role of DF [1].
III. O UTAGE P ROBABILITY AND A NALYSIS OF DMT
A. Definition

(1)

where 𝑥𝑘 [𝑛] is the transmitted signal containing information
𝑘 and 𝑘 ∈ {𝑎, 𝑏, 𝑐}. E{𝑍} is the expectation of a random
variable 𝑍.
Denote 𝑅 as the data rate for each channel, where 𝑅 can
be a function of SNR [8]. The multiplexing gain 𝑟 is defined
as
𝑅(SNR)
.
(2)
𝑟 := lim
SNR→∞ log SNR
Note that the base of the log function is 2 in this paper.
The diversity gain 𝑑 is defined as
𝑑 := − lim

SNR→∞

log[𝑃out (SNR)]
,
log SNR

Proof: Let 𝐸𝑋𝑌 denote the outage event on the link
between nodes 𝑋 and 𝑌 , where 𝑋, 𝑌 ∈ {𝐴, 𝐵, 𝐶} but
𝑋 ∕= 𝑌 . Clearly, 𝐸𝑋𝑌 = 𝐸𝑌 𝑋 . Events 𝐸𝐴𝐵 , 𝐸𝐵𝐶 , and 𝐸𝐶𝐴
are independent. Furthermore,
[
]
2
P[𝐸𝑋𝑌 ] = P
log(1 + ∣ℎ𝑋𝑌 ∣2 SNR) < 𝑅
3
[
]
23𝑅/2 − 1
= P ∣ℎ𝑋𝑌 ∣2 <
SNR
( 3𝑅/2
)
2
−1
(a)
= 1 − exp −
:= 𝑝.
(5)
SNR
The factor 23 in the first line is due to the transmission of two
independent packets 𝑎 and 𝑏 in three time slots (phases). The
equality (a) holds because ∣ℎ𝑋𝑌 ∣2 is an exponential random
variable with unity mean.
The outage event for node 𝐴 is
𝐸𝐴 = 𝐸𝐵𝐴 ∩ 𝐸𝐶𝐴 .

(3)

(6)

The equation holds because the outage event for node 𝐴 occurs
if both events 𝐸𝐵𝐴 and 𝐸𝐶𝐴 occur. Similarly, the outage event
for node 𝐵 can be written as
𝐸𝐵 = 𝐸𝐴𝐵 ∩ 𝐸𝐶𝐵 .

In this subsection, we define SNR, multiplexing gain 𝑟,
outage probability, and diversity gain 𝑑 for the considered
CNC system. The SNR is defined as
E{∣𝑥𝑘 [𝑛]∣2 }
,
SNR :=
𝑁0

The outage probability of the CNC protocol with a single
relay node is analyzed by the following theorem:
Theorem 1: The outage probability of the CNC protocol
with a single relay node is characterized by
[
( 3𝑅/2
)]2
−1
2
CNC
𝑃out
= 1 − exp −
SNR
[
( 3𝑅/2
)]
−1
2
⋅ 1 + exp −
.
(4)
SNR

(7)

The outage event for the overall system is expressed as
CNC
𝐸out
= 𝐸𝐴 ∪ 𝐸𝐵 = 𝐸𝐴𝐵 ∩ (𝐸𝐴𝐶 ∪ 𝐸𝐵𝐶 ).

(8)

The outage probability of the CNC system is
CNC
𝑃out
= P[𝐸𝐴𝐵 ∩ (𝐸𝐴𝐶 ∪ 𝐸𝐵𝐶 )]

= P[𝐸𝐴𝐵 ](P[𝐸𝐴𝐶 ] + P[𝐸𝐵𝐶 ] − P[𝐸𝐴𝐶 ∩ 𝐸𝐵𝐶 ])
= 𝑝 ⋅ (2𝑝 − 𝑝2 ) = 𝑝2 (2 − 𝑝).

(9)

Substituting (5) into (9), we can get (4).
C. Analysis of DMT
The following theorem gives the DMT for the CNC protocol
with a single relay node.
Theorem 2: The DMT achieved by the CNC protocol with
a single relay node is characterized by 𝑑CNC (𝑟) = 2 − 3𝑟 for
0 < 𝑟 < 2/3.
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Fig. 2. Outage probability for the cooperative network coding (CNC) protocol
when the data rate 𝑅 is equal to 1, 2, 3, 4, 5 bps/Hz.
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Fig. 3. Comparison of outage probability for decode-and-forward (DF),
selection decode-and-forward (SDF), and cooperative network coding (CNC)
protocol when the data rate 𝑅 is equal to 1 bps/Hz.

Proof:
CNC
log 𝑃out
SNR→∞ log SNR
log[𝑝2 (2 − 𝑝)]
= − lim
SNR→∞
log SNR
log 𝑝
log(2 − 𝑝)
= 2 lim
+ lim
,
𝑠→0 log 𝑠
𝑠→0
log 𝑠

𝑑CNC (𝑟) = − lim

(10)

where 𝑝 is defined in (5) and 𝑠 = 1/SNR. Substituting 𝑅 =
𝑟 log SNR [8] into 𝑝, we have
𝑝 = 1 − exp(𝑠 − 𝑠1−3𝑟/2 ) .

(11)

Then we can obtain lim 𝑝 = 0 for 1 − 3𝑟/2 > 0 or 𝑟 < 2/3.
𝑠→0
Hence, the second term of (10) is equal to zero. Apply the
l’Hôpital’s rule two times on the first term of (10), we have
[
𝑑CNC (𝑟) = lim 2𝑠 + (2 − 3𝑟)(1 − 𝑠1−3𝑟/2 )
𝑠→0
]
3𝑟
+
1 − (1 − 3𝑟/2)𝑠−3𝑟/2
=2 − 3𝑟
(12)
for 0 < 𝑟 < 2/3.
IV. N UMERICAL R ESULTS
Figure 2 shows the outage probability for the CNC protocol
based on Theorem 1 when the data rate 𝑅 is equal to 1, 2,
3, 4, 5 bps/Hz. As expected, when the data rate increases,
the system is more likely to undergo outage and the outage
probability also increases.
Figure 3 is a comparison of outage probability for DF, SDF
[1], and the CNC protocols when the data rate 𝑅 is equal to
1 bps/Hz. For the SDF protocol, if the SNR of the received
signal at the relay exceeds the threshold, the relay performs
the DF operation; otherwise, the relay remains idle [20]. The
𝑥-axis is the rate-normalized SNR defined by [1]
SNRnorm :=

SNR
.
2𝑅 − 1

(13)

Estimation of the outage probability for DF and SDF in the
high SNR region is performed according to [1, Table I]. From
this figure, it is clear that the DF protocol has the greatest
outage probability, and SDF and CNC protocols have nearly
the same outage probability. Furthermore, we observe that
SDF and CNC protocols have larger diversity gain than the
DF protocol does.
Figure 4 illustrates a comparison of DMT regarding a 2 × 1
multiple-input single-output (MISO) system, with the CNC
protocol, SDF, and DF for a single relay node. Note that the
DMT of the 2 × 1 MISO system is the upper bound of the
DMT in single-relay cooperative communication systems [6].
From Fig. 4, we can see that the CNC protocol improved both
the diversity gain and multiplexing gain compared with the
DF protocol. The maximum diversity and multiplexing gain
that the CNC protocol was able to achieve were 2 and 2/3,
respectively, while the maximum diversity and multiplexing
gain of the DF protocol were 1 and 1/2, respectively. Furthermore, the CNC protocol outperformed the SDF protocol (an
enhanced version of DF), and its maximal diversity gain and
multiplexing gain were 2 and 1/2, respectively. Hence, we can
conclude that using network coding at the relay node improves
not only diversity gain but also multiplexing gain.
V. C ONCLUSIONS
In this paper, we investigated the DMT of a CNC protocol integrating the concept of DF relay transmission in a
cooperative communication system with the combination of
information involved in network coding. The proposed CNC
protocol is suitable for enabling efficient information exchange
between two users. We provided two theorems to illustrate outage probability and DMT analytical results. We also provided
a comparison of DMT for our CNC protocol with 2 × 1 MISO
system, SDF, and DF. We have clearly demonstrated that our
CNC protocol improved both the diversity and multiplexing
gain compared with DF protocols.
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